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2Department of Civil Engineering Tuned mass damper inerter (TMDI) is becoming a well-known device for miti-

University of Texas at Arlington, gating structural vibrations. However, to be effective, the inerter needs to be

Arlington, Texas, USA connected to lower stories, which can interfere with the architectural features

Correspondence and therefore limit its feasibility. To overcome this challenge, a rooftop tandem
Maziar Fahimi Farzam, Faculty of tuned mass damper inerter (TTMDI) device for the structural control of a well-
iﬂiﬁneering’ University of Maragheh, recognized benchmark 10-story shear building is proposed, in which the mass
Email: m.farzam@maragheh.ac.ir of the conventional TMDI is divided into two variable masses that are con-

nected to each other using a spring and dashpot. The seven TTMDI free
parameters (frequency and damping ratio of the two masses connected to the
roof, the frequency and damping ratio of the connected masses, and their rela-
tive mass ratio) are optimized using particle swarm optimization algorithm
(PSO) by minimizing the largest singular value of story drift transfer function.
To evaluate the robustness of the optimal damper, its performance is compared
to two comparable tuned TMDI configurations (TMDI-9 and TMDI-8) in both
frequency and time domains under 21 far- and near-field records with forward
directivity (FD) and fling step (FS) for a preselected mass ratio of 1% and three
different inertance ratios. The performance indices in the time domain were
selected as the maximum story drifts and absolute story acceleration. Results
show that the rooftop TTMDI outperforms both TMDI configurations in both
frequency and time domains, and its performance is more robust in terms of
not exceeding the uncontrolled responses for most of the considered earth-

quake records.
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1 | INTRODUCTION

It has been almost 50 years since the passive tuned mass damper (TMD) has been recognized as an efficient and reliable
device in controlling the vibration of tall buildings against wind and has been practically implemented in many tall
buildings around the world. Since then, the similarities between wind and earthquake loads as the main dynamic lat-
eral loads affecting the design of tall buildings have shaped extensive research efforts to evaluate the seismic perfor-
mance of TMD and improve its performance against natural ground motions.>> However, due to the main differences
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between these dynamic lateral loads and especially the difference in their frequency contents, the seismic performance
of TMD is still being debated, and improving its seismic efficiency is an active research topic in the structural control
community.*°

Frahm’ proposed the idea of an additional mass to reduce the vibration of an undamped main system in 1909, more
than 110 years ago (Figure 1a). The evolution of the TMD is presented in Figure 1, in which M, C, and K are the mass,
stiffness, and damping coefficient of the main structure, respectively, while mgy, c4, and k4 are the mass, stiffness, and
damping coefficient of the TMD, respectively; X4, X, and Xg are the displacement vectors of the added mass, the gro-
und displacement, and accelerations, respectively. The three major issues of efficiency, robustness, and simplicity of
construction have always been the focus of researchers in the development of TMDs. Usually, it is not possible to
improve all three features simultaneously; however, due to the trade-off between these features, it seems that providing
a balance between them would be the best possible design. Therefore, over the past decades, several modifications of
TMD have been attempted to bring all three features to an acceptable level. About 5 years after Frahm's patent, i.e., the
idea of an additional mass with a spring, Lanchester® significantly improved the TMD robustness by replacing the
spring with a viscous damper (Figure 1b). However, the efficiency of this new device was scarified compared to Frahm's
idea, especially in the tuning frequency. Furthermore, den Hartog” combined the two ideas of Frahm’ and Lanchester®
to improve both performance and robustness at the same time (Figure 1c). In addition to combining these two ideas, he
also regulated a framework for determining the optimum parameters of the damper, which had already been addressed
by previous researchers. In this framework, three parameters of mass, damping, and frequency ratios are selected to be
the optimum TMD design parameters, represented by u, g4, and fg, respectively, as defined in Equation (1). The mass
ratio is conventionally preselected based on construction limitations, while the damping and frequency ratios are
assumed as optimization variables. Figure 1d shows the final configuration of the currently recognized TMD.
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Consequently, due to the lack of development of computational tools, the optimum design to simultaneously
improve efficiency, and robustness was performed using analytical or quasi-analytical methods. Therefore, the studied
systems were limited to structures without damping or with small inherent damping. Thereafter, in the computer era
and with the emergence of the metaheuristic algorithms, this limitation was completely overcome, and the optimal
design of any configuration became practical (Figure 1d).

In the early 1970s, researchers found that the passive TMD in its classical form did not seem to perform adequately
under earthquake loads and were, therefore, looking for new alternatives. To this end, active and semi-active (smart
devices) control theories were developed and proposed by researchers in the structural control community (Figure 2)."°
Although these approaches were sound and worked quite promising initially, the added cost of equipment, advanced
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FIGURE 1 Development history: (a) primary proposition concept of Frahm,’ (b) primary proposition concept of Lanchester,”
(c) milestone modification of Den Hartog,’ and (d) physical realization model of Warburton
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FIGURE 2 Smart configurations: (a) active mass damper," (b) active tuned mass damper,'* and (c) semi-active TMD"*
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FIGURE 3 Nonlinear configurations: (a) pounding TMD,* (b) particle TMD, and (c) pendulum TMD'®

technology, high maintenance costs, the need for an external energy source, high expertise required for components,
etc. were some of the major drawbacks that made these devices less competitive when compared to passive devices.

On the other hand, studies have shown that increasing the mass ratio in a classical mass damper can significantly
improve its robustness and performance, and unorthodox configurations have therefore been proposed for the imple-
mentation of such systems.*” But the construction difficulties of securing and accommodating a large mass ratio have
been a serious obstacle to the application of this modification. More recently, nonlinear vibration absorbers have been
studied, which exhibit good performance due to increasing the effective frequency band.'* However, due to the need for
nonlinear modeling, the evolution of these devices has been slow. Figure 3 shows some examples of nonlinear vibration
absorbers including the pounding TMD'* (Figure 3a), particle TMD'’ (Figure 3b), and pendulum TMD'® (Figure 3c).

In the meantime, the introduction of a linear instrument by Smith in 2002,'” i.e. the inerter, which creates an appar-
ent mass that could solve the large real mass requirement, quickly caught the attention of the control engineering com-
munity. As a linear massless instrument, the inerter develops a force proportional to the relative acceleration through
the inertance constant, b, as shown in Figure 4a. Although there is no consensus on the first use of the inerter concept
in structural control,'® in the last decade, various inerter configurations have been introduced and studied as new and
promising devices for structural control, e.g., the Tuned Viscous Mass Damper (TVMD),?® Tuned Mass Damper Inerter
(TMDI),*! and Tuned Inerter Damper (TID)** (Figure 4). Among these, TMDI most closely resembles the classic TMD,
and any improvement of it can be used to design more efficient new TMDs, as well as update previously implemented
TMDs that are sensitive to detuning effects.

The original TMDI on single-degree-of-freedom (SDOF) structure was proposed by Marian and Giaralis,”' in which
the two inerter terminals were connected to the auxiliary mass and the ground and exhibited outstanding performance
in its particular grounded TMDI (GTMDI) configuration. Previous research has shown that the introduction of
inertance in the TMDI is accompanied by two opposite characteristics of negative stiffness and mass amplification
effects.'®*® In the case of GTMDI, the presence of the inerter improves the response due to pure mass amplification
effects. However, the use of rooftop TMDI in a multi-degree-of-freedom (MDOF) requires an inerter connection to the
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FIGURE 4 Inerter-based configurations: (a) ideal inerter with rack and pinion realization,'® (b) TVMD,* (c) TMDI,* and (d) TID*
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FIGURE 5 Schematic illustration for rooftop TMDI with the second terminal of inerter connected to (a) roof, (b) two stories lower, and
(c) three stories lower

upper floors due to lack of ground access (Figure 5a). In this case, the addition of inertance imposes both negative stiff-
ness and mass amplification effects, which can have negative/positive effects on the control performance of TMDI
depending on which one prevails. Negative stiffness reduces the efficiency of the rooftop TMDI, while mass amplifica-
tion enhances its performance. Furthermore, increasing the inertance (b) can exacerbate both the negative stiffness and
mass amplification effects.”>** Kaveh et al.*> showed that by connecting the second terminal of the rooftop TMDI to
the roof, the TMDI-controlled building performs similar to an uncontrolled building. However, by lowering the second
terminal and connecting it to the lower floors (Figure 5b,c), the efficiency of this system will gradually improve due to
the correlation reduction and the increase of relative motion between the responses of the two ends of the inerter. This
has also been recognized by other research,**?°*® where it has been shown that TMDI performance is continuously
improved by increasing the distance between the floors that the terminals of the inerter are connected to (inerter
location parameter) due to prevailing mass amplification over negative stiffness effects. However, lowering the second
terminal of the inerter generally will interfere with the architectural features and has been a serious obstacle to the
application of this system.

Furthermore, some recent studies have shown that in structures whose responses are dominated by the first
mode, the TMDI performance is directly related to the difference of modal shape values between the two floors that
the inerter terminals are connected to; in other words, the larger the difference between the two modal shape values
of the inerter terminals, the better the TMDI performs, especially for low mass ratios.”>** The inerter location
parameter, Ag, is defined as the difference between modal values of the roof and story k, Agp = (1 — @), with @
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FIGURE 6 Tandem-based configurations: (a) tuned tandem mass damper (TTMD)*' and (b) tuned tandem mass damper inerter
(TTMDI)*

being the value of the modal shape at story k normalized to the roof modal shape value. Due to the important role
of this parameter among other damper design parameters, increasing A¢ has been considered either directly
(by connecting the second terminal of the inerter as farthest away from the rooftop, which creates architectural
issues)**?°® or indirectly (by changing the modal shape of structures through manipulating the design of the struc-
ture).”>° In the indirect approach, any modification in the structural or damper configuration that can magnify A¢
by generally increasing the curvature of the modal shape® or by locally increasing the modal shape difference
between the two floors that the inerter terminals are connected to®® can be very effective in improving the perfor-
mance of the rooftop TMDI.

Recently, Yang and Li,*" as well as Cao and Li,** have discussed the idea of tandem tuned mass dampers (TTMDs)
(Figure 6) alone and in combination with inerter, respectively. In both studies, a single degree of freedom structure has
been studied, and, in the latter, the second inerter terminal is connected to the ground. It seems that using the idea of
tandem mass for a rooftop TMDI can be beneficial, since one of the masses can act as a controllable “dummy” story,
virtually increase the distance between the two inerter terminals, and increase A locally, which may help to ease the
implementation of TMDI.

In this study, a new rooftop tandem tuned mass damper inerter (TTMDI) configuration, inspired by the idea of Cao
and Li,** is proposed in which the tandem variable masses are connected to each other using a spring and dashpot, and
unlike the configuration of Cao and Li,*? only one of the masses is connected to an inerter device. As mentioned earlier,
the purpose of dividing the total mass of a rooftop TMDI is virtually increasing the distance between the two terminals
of the inerter by allocating part of the mass to create a controllable dummy floor, which would potentially result in a
change in modal shape values, without interfering with architectural features in the lower stories. However, the ratio
between the two masses was considered as a design variable to come up with an optimized solution. The proposed
TTMDI is employed for the optimal structural control of a benchmark 10-story linear shear building with 2% inherent
damping ratio, and its efficiency and robustness are evaluated in both frequency and time domains under a suitable set
of far- and near-field records. To better assess the performance of the proposed TTMDI, results are also presented for
comparable TMDI configurations, i.e., TMDI-9 and TMDI-8, for which the second terminal of the inerter is connected
to the 9th and 8th stories, respectively.

The remainder of the paper is structured as follows. In Section 2, the characteristics of the benchmark 10-story
shear building and the governing equations of motion of a TMDI-/TTMDI-equipped N-story shear building are
established. Additionally, the definition of objective function, the definition of preselected and design variables, their
admissible domain, and the seismic record information used for performance evaluation in time domain are pres-
ented in Section 2. Section 3 discusses the optimum values of the TMDI/TTMDI tuning parameters based on the
selected objective function and their performance in the frequency domain. In Section 4, the performance of the
optimally controlled structure is evaluated in the time domain under 21 far-field and near-field earthquakes with
forward directivity (FD) and fling step (FS) characteristics based on two well-appreciated performance criteria,
i.e., story drift and absolute story acceleration. In the last section, the concluding remarks and the possible future
research directions are outlined. Finally, the different matrices used in the equation of motion are included in
the appendix.
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2 | MODELS AND METHODS

To optimally design the introduced control device (TTMDI) and simultaneously compare its efficiency and robustness
with the well-recognized rooftop TMDI configurations, a 10-story benchmark shear building is considered in this
study.>**7** The building has been widely used in research studies by the control community. Table 1 presents the
dynamic properties of the 10-story shear building.

A 2% inherent damping is assumed as a common damping ratio, which in many dynamic analyses are preferred as
the equivalent viscous damping ratio for the buildings. Considering the n-story linear shear building with rooftop
TMDI, the state space equation of motion subjected to earthquake can be written as shown in Equation (2).

Z(t) = AZ(t) + B, (1), 2)

where kg(t) is the ground acceleration and A, B, and Z are the system matrix, location matrix, and the state vector,
respectively, as shown in Equation (3).

R T N

-M'K -M'C M 'h

X and X are the (n + x) dimension relative displacement and velocity of each degree of freedom (DOF) with respect
to the ground; M, C, and K are (n + x X n + x) matrices corresponding to the mass, damping, and stiffness of the
uncontrolled/controlled shear building, respectively, where n =10, x =0 for uncontrolled, x =1 for TMDI, and x =2
for TTMDI; 0 and I are the zero and identity matrices, respectively; h is a vector containing the masses of the degrees of
freedom of the system and is presented along with the mass, stiffness, damping, and other matrices for the TMDI/
TTMDI-equipped building in the appendix. The transfer function of the governing equation of motion is shown in
Equation (4).

G(s) = Cy(jol —A)'B, (4)

17333

where “j” is defined as j=+/—1; w is the circular frequency content; and C, is dependent on the type of response
measurement and for story drift is defined as Equation (5).

G = . 0n><(n+2x) . (5)

LL d nxn 1 nx2(n+x)

In this case, G(s) is multiple input-multiple output model, and the H,, norm is defined by Equation (6). It should be
noted the TMDI/TTMDI motion should not be considered in Equation (6).

TABLE 1  Structural parameters of the 10-story benchmark building®**—*

Story 1 2 3 4 5 6 7 8 9 10
Mass (x10° kg) 179 170 161 152 143 134 125 116 107 98
Stiffness (x10° N/m) 62.47 59.26 56.14 53.02 49.91 46.79 43.67 40.55 37.43 34.31
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1G(5) ]| = max omax(G(j)), (6)

where o,,,5(.) is the largest singular value of the transfer function.

Figure 7 shows the considered configurations for the current study, i.e., TMDI-9 (Figure 7a) and TMDI-8
(Figure 7b), in which the second terminal of the inerter are connected to the 9th and 8th stories, respectively, and the
newly proposed TTMDI-9, where the first terminal of the inerter is connected to the second rooftop added mass and the
second terminal of the inerter is connected to the 9th story (Figure 7c). The first mass, mq4;, which can act as a controlla-
ble dummy floor, is colored in blue to better distinguish it from the second mass, mg,, which is connected to the inerter.
The two masses of the TTMDI assign additional anti-resonance in comparison to TMDI, which could allow for
additional control over the damper performance.’® Additionally, full connecting elements of spring and damper
between the two added masses are assumed to provide more design flexibility for the proposed device, and the decision
on redundant connections is left to the metaheuristic algorithm.

Table 2 summarizes a set of dimensionless preselected variables, design variables, and their studied ranges for the
aforementioned cases in Matlab. The design parameters of TTMDI include inertance ratio, f; total mass ratio (TMR),
B1 + Mo relative mass ratio (RMR), py/p,; and the damping and frequency ratios of the 1st mass ((4; and fy;), the 2nd
mass ((q> and f;.), and their connection ({4. and f;.). Similarly, the four design parameters of TMDI include inertance
ratio, f; the mass ratio, p; and the damping and frequency ratios of the only mass ({4 and f;). The inertance and total
mass ratios are assumed as preselected parameters for both the TMDI and TTMDI, while the damping and frequency
ratios are taken as design variables. Additionally, since the TTMDI has two masses to enhance design flexibility, the
RMR is also selected as a design variable in this damper, resulting in a total number of seven design variables. In
Table 2, m represents the average of the tandem masses.

The objective function for the optimization problem is minimizing the H,, norm of maximum story drift (||G(s)||,)
as a measure for damage to structural and non-structural components. Given that the objective function is defined as
the minimization of the largest singular value of the story drift transfer function, the optimal design is independent of
the seismic load and is expected to be robust to the uncertainty in the earthquake records. Particle Swarm Optimization
(PSO) as a well-explored optimization method in the control community has been selected as the appropriate algorithm
for the optimization problem. Further details on PSO framework can be found in the literature.*”*®

Once the optimal parameters have been obtained from the frequency domain analysis and its performance is
assessed in the frequency domain, time history analyses are carried out to evaluate the TMDI-8, TMDI-9, and TTMDI-9
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FIGURE 7 Schematic illustration for the N-story linear shear building with (a) TMDI-9, (b) TMDI-8, and (c) the proposed TTMDI-9
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TABLE 2 Optimization variable definitions and variable ranges

Model name

TMDI TTMDI
Preselected variables p=L="u p==1 TMR(p) = py + pp = o 4- &2
Preselected variable range B = [0.05, 0.3, 1] B =[0.05, 0.3, 1]
TMR (p) = 0.01 TMR () = p1 + pp = 0.01
Design variables kg a C = m
fy=ta=XY™ fo=ta=V"
d w15 w1 d1 15 D15
kay Cdz = Z(V’ldchb)waz
_wg md2+b
de o o
Cd = chjmd Kde Cdc = Z(Mill;)am
f _ Wde _ m+b
de W15 W15
_m_m
RMR=!1="a
Design variable range fa =[0.0001 2] far = fa2 = [0.00001 2]
Ca=1[02] Car=Caz=1[02]

RMR = [0.05 20]

performance in the time domain, as further elaborated in Section 4. To this end, three sets of seven benchmark natural
ground motions of far- and near-field earthquakes with forward directivity (FD) and fling step (FS) characteristics have
been employed to take the uncertainty in the frequency content of earthquake records into account. A near-field record
with FS is a ground motion that exhibits a permanent displacement in the displacement time history that is caused by
the rupture of ground due to seismic activity.>*** On the other hand, forward directivity records are ground motions
that present a double-sided dominant velocity pulse when the fault rupture propagates towards the site with a velocity
equivalent to the shear wave velocity.>>*' Near-field records are less subject to soil filtration due to their short distance
to the epicenter and usually have a wider frequency content. Also, earthquakes with different characteristics can excite
different modes of the structure and provide a more robust analysis of the performance of the proposed device. The
records and relevant information are shown in Table 3, which are benchmark ground motions used in the
literature. '3

The evaluation of the damper efficiency in the time domain is based on two well-appreciated Engineering Demand
Parameters (EDPs): the average of maximum story drift and the average of maximum absolute acceleration of the
stories among the seven records of each set.

3 | OPTIMUM DESIGN OF THE CONTROL DEVICES

As mentioned previously, the optimum designs of TMDIs and TTMDI are determined using the PSO algorithm for the
10-story benchmark buildings with 2% inherent damping ratio. The optimum values of these variables are determined
for 1% mass ratios and three different inertance ratios, 0.05, 0.3, and 1, representing low, medium, and high inertance
ratio, respectively. Furthermore, the subset of model parameters that are preselected and necessary to characterize the
design problem are organized in the vector @, which encompasses all information on the primary building, such as the
number of stories, inherent damping ratio, and the damper mass ratio. On the other hand, the subset of model parame-
ters that are selected as design variables, i.e., frequency and damping ratios of the TMDI, are organized in the vector of
0. Consequently, the optimum values of design variables 6, is sought by means of the solution of the Equation (7),
where Dy defines the search domain for design variables 6. The optimum design parameters for each device are summa-
rized in Table 4 for different preselected inertance ratios. The last column in Table 4 presents the evaluation criterion of
the damper performance, defined by Equation (8), i.e. the ratio of the largest singular value of the controlled to uncon-
trolled transfer function as a measure of the damper efficiency in the frequency domain.

Oopi() = argmin||G(6,,5)]|o, (7)

€ Dy
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TABLE 3 Seismic record information used in this study"®**4°

PGA PGV PGD Fling disp

No Year Earthquake Station Com Source (g) (cm/s) (cm) (cm)
(a) Far-field records
1 1952  Kern County Taft 111 1 0.18 17.50 8.79 =
2 1979  Imperial Valley Calexico 225 1 0.27 21.24 9.03 —
3 1989  Loma Prieta Presidio 00 1 0.10 12.91 4.32 =
4 1994  Northridge Century CCC 90 2 0.26 21.19 7.85 —
5 1994  Northridge Moorpark 180 2 0.29 20.97 5.48 =
6 1994  Northridge Montebello 206 1 0.18 9.41 1.51 —
7 1971  San Fernando Castaic 291 1 0.27 25.90 4.87 =
(b) Near-field records with forward directivity
8 1992  Cape Mendocino  Petrolia 90 1 0.66 90.16 28.89 =
9 1994  Northridge Olive View 360 1 0.84 130.37 31.72 —
10 1992  Erzincan Erzincan EwW 1 0.50 64.32 21.93 =
11 2004  Parkfield Fault Zone 1 FN 5 0.50 64.15 12.64 -
12 1984 Morgan Hill Anderson Dam 340 2 0.29 28.00 12.19 =
13 1987  Superstition Parachute Test 315 1 0.45 112.00 52.46 -

Hills Site
14 1979  Imperial-Valley Brawley Airport 225 1 0.16 35.85 22.39 =
(c) Near-field records with fling-step
15 1999  Kocaeli Yarimca (YPT) EwW 3 0.23 88.83 184.84 145.79
16 1999 Chi-Chi TCUO052 NS 4 0.44 216.00 709.09 697.12
17 1999  Chi-Chi TCU068 EwW 4 0.50 277.56 715.82 601.84
18 1999  Chi-Chi TCUO074 EW 4 0.59 68.90 193.22 174.56
19 1999  Chi-Chi TCU084 EwW 4 0.98 140.43 204.59 161.82
20 1999 Chi-Chi TCU102 EwW 4 0.29 84.52 153.88 73.66
21 1999  Chi-Chi TCU128 EwW 4 0.14 59.42 91.05 49.88

TABLE 4 Optimal parameters for different control devices based on minimizing the H,, norm of story drift

Preselected parameters Optimum parameters Added mass Pe'rfm"mance
criterion

Models  TMR B Jar Car  Ja Caz  Jac Cac RMR pl n2 JF
TMDI-8 0.01 0.05 1.007 0.055 - 0.01 - 0.444

0.3 1.117 0.071 0.437

1 1.692 0434 0.384
TMDI-9 0.01 0.05 1 0.045 - 0.01 = 0.498

0.3 1.056  0.036 0.594

1 1.258  0.063 0.589
TTMDI-9 0.01 0.05 0.896 0 1.13 0 0.489 0435 0.05 0.0095 0.0005 0.293

0.3 0968 0 1.195 0.027 0.114 1.578 0.05 0.0095 0.0005 0.291

1 0.006 0.647 2 2 1.351 0.114 0.05 0.0095 0.0005 0.301
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Table 4 shows that the TTMDI-9 has resulted in a better performance with respect to both TMDI-8 and TMDI-9 in
the frequency domain; i.e., the TTMDI-9 has successfully reduced the uncontrolled response to approximately 30%.
Moreover, the TTMDI-9 has been able to beat the TMDI-8 and TMDI-9 by an average of 30% and 47%, respectively. In
other words, the TTMDI-9 has even outperformed the TMDI-8 significantly, without creating architectural problems
from a practical point of view.

Comparison of the performance of TMDI-8, TMDI-9, and TTMDI-9 in the last column of Table 4 reveals the para-
doxical effect of inertance. Although in studies on single-degree-of-freedom (SDOF) models of grounded TMDI
(GTMDI), increasing the inertance has improved the responses significantly,******** the same monotonous effect can-
not be expected for multi-degree-of-freedom (MDOF) structures equipped with rooftop TMDIL.****?*** In fact, it has
been shown in previous studies that the introduction of inertance in the TMDI is accompanied by two opposite charac-
teristics of negative stiffness and mass amplification effects."®*® For a rooftop TMDI, the smaller the A (i.e., moving
the second terminal of the inerter towards the roof), the greater the negative stiffness effect, and the higher Ag
(i.e., moving the second terminal of the inerter towards the ground), the greater the mass amplification effects.*>** Neg-
ative stiffness reduces the efficiency of the rooftop TMDI, while mass amplification enhances its performance. Further-
more, increasing the inertance ratio () can exacerbate both the negative stiffness and mass amplification effects.****
Therefore, in the range of the A¢ that negative stiffness effect dominates the mass amplification, an increase in
inertance will have a negative effect, while in the range of Ap where mass amplification dominates the negative stiff-
ness effects, increasing inertance is expected to have a positive effect on the TMDI performance. This is an example of
the interaction effect of TMDI inertial parameters, which has been reported in previous studies and makes the evalua-
tion of damper performance with increasing inertance dependent on mass ratio values, and especially the Ag
parameter.”***

In Table 4, this dual effect of inertance on damping performance is well illustrated by comparing the behavior of
TMDI-9 (with smaller Ap and near-roof inerter connection) and TMDI-8 (with larger Ag and lower floor connection).
In other words, in TMDI-9, the A¢ is probably in the range that the negative stiffness dominates the mass amplification
and, therefore, increasing inertance has reduced the performance of the TMDI. On the other hand, for TMDI-8, the A@
must be in the range that the mass amplification outweighs the negative stiffness and, therefore, increasing inertance
has enhanced the performance of the TMDI-8. For the TTMDI-9, the asymmetric mass distribution has potentially
resulted in a higher A (Figure 8), and therefore, it has shown the biggest reduction in responses, while not being sensi-
tive to the variation of inertance. This matches well with the literature,?® where it has been shown that for TMDIs with
small mass ratio, adding an extremely small inertance will significantly improve the response initially up to a certain
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limit, after which it reaches an asymptote. Presumably, the same applies to the TTMDI-9 with an extremely small,
attached mass to the inerter.

It is noteworthy that since the RMR was selected as a design variable for the TTMDI-9 control device, the optimiza-
tion has resulted in a counterintuitive “biased” mass distribution, i.e., RMR = 0.05. In other words, the smaller mass
(mg,) has reached the lower bound of the design variables. Therefore, equal added masses do not necessarily yield bet-
ter control results with the justification provided herein. As mentioned earlier, the inerter location parameter, Ag, plays
an important role in the performance of inerter-based tuned mass dampers (TMDI-based), and local modification of the
modal shape at the upper floors (increasing Ag) has proven to enhance the performance of TMDIs.***°

Figure 8 shows the effect of adding the controllable dummy floor on the first mode shape of the host building along
with the modal shape values at the position of the second terminal of the inerter. If a TMDI is added to Figure 8a/b, the
building controlled by TMDI/TTMDI will be obtained, respectively. In Figure 8b, p represents the mass ratio of the con-
trollable dummy floor. The locations of the second terminal of the inerter are shown with blue dots on the modal shape,
which clearly show that by increasing the controllable dummy floor mass, Ag increases; in other words, as more per-
centage of the mass is allocated to the controllable dummy floor, the local change in modal shape of the upper floors
will be more significant, which is more desirable in terms of enhancing the TMDI performance. Previous studies®>**
have also shown that the inerter is more effective in in reducing the structural response when the mass ratio is small.
Therefore, the tendency of the optimization process to asymmetrically divide the total presumed mass into a larger con-
trollable dummy floor mass and a smaller TMDI mass may be due to the increased local changes in the mode shape
and higher inerter efficiency with less mass for the TMDI, respectively. Although, there can be other possible effective
configurations (e.g., assigning all the mass to one of the masses and the remainder being a combination of spring/
damper/inerter), a comprehensive parametric study is needed if any comparison is to be made with the proposed
TTMDI configuration and is, therefore, excluded herein. The main purpose of this study was to overcome the practical
challenges of lowering the second terminal of inerter in rooftop TMDIs to enhance its performance.

Figures 9a-c shows the singular value of the story drift transfer function for the building with optimal TMDI-8,
TMDI-9, and TTMDI-9 devices for 1% preselected mass ratios and three different inertance ratios of 0.05, 0.3, and
1, respectively. The results for the uncontrolled structure are also presented for comparison purposes. Figure 9d-f simi-
larly shows the diagrams for the absolute story acceleration transfer function. Figure 9 indicates that for the 1%
preselected mass ratio, TTMDI-9 has successfully mitigated the response and outperformed both TMDI-8 and TMDI-9
configurations in terms of drift and absolute story acceleration for the first mode, except for the acceleration response

Story Drift Story Acceleration
- - -Uncont — TMDI-9 —TMDI-X—TTMDL‘)‘ ‘ - -Uncont —TMDI-9 —TMDI-S—TTMDI—Q‘

p=1%
Cpel

Singular Values (dB)

Singular Values (dB)

Singular Values (dB)

‘ I ] 10 20
! Frequency (rad/s) 10 20 Frequency (rad/s)

FIGURE 9 Frequency response of story drift and absolute acceleration for different cases
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with p = 1. For this special case, the TMDI-8 and TTMDI-9 configurations have almost the same performance and have
outperformed the TMDI-9. In addition, the reduction of singular value for the second mode is also of the same order for
TMDI-8 and TTMDI-9 and better than the TMDI-9, especially for high inertance ratio.

Furthermore, as shown in Figure 9 and Table 4, increasing the inertance ratio () has non-monotonous effect on
the frequency response of the controlled building in the first mode. To the contrary, the effect of increasing inertance is
monotonous in higher modes, and the frequency response decreases in the TMDI-8 and TTMDI-9 for large inertance
ratio. This can be presumably attributed to the fact that mass amplification has become predominant due the larger cur-
vature and higher Ag of the modal shape values between the inerter terminal locations in these higher modes. Since
the modal shape curvature and, consequently, the A at the two inerter levels are typically greater in the higher modes
than that for the fundamental mode, the modal shape modification has little effect on improving the response in the
higher modes, especially between TMDI-8 and TTMDI-9.

4 | PERFORMANCE ASSESSMENT IN TIME DOMAIN

The performance of the 10-story building with 2% inherent damping ratio is examined under three groups of seven nat-
ural earthquakes with far- and near-field records with FD and FS characteristics to evaluate the efficiency and robust-
ness of the optimum designed dampers in the time domain. The performance criteria in the time domain are peak story
drift in the controlled building normalized by the corresponding story drift in the uncontrolled building (JT1) and peak
absolute story acceleration in the controlled building normalized by the corresponding acceleration in the uncontrolled
building (JT2) defined based on Equations (9) and (10), respectively, where f = floor number, 1, ..., 10; g = earthquake
number: 1, ..., 21, and ¢ = time, 0 < t < T,, where T, is the duration of earthquake g. In Equations (9) and (10), d and
a represent the drift and absolute acceleration of the controlled structure, respectively, while danda represent those of
the uncontrolled structure, respectively. In both equations, |.| represents the absolute value. So max’df(t,q)| represents
the maximum of the absolute value of drift (during the duration of earthquake q) for all the floors bf the building. These
performance criteria are a good measure for structural failure and occupancy comfort level.

max|dy (t,)|

JTH(g) =———F— (9)
max’df(t,q)
l’f
max|ay (t,q)|
IT2(g) = (10)

ng,a}xlaf(t,qﬂ

Tables 5 and 6 present the JT1 and JT2 criterion for the 10-story building with 2% inherent damping ratio, 1% mass
ratio and all three different studied inertance ratios for every single natural earthquake of the three different groups. As
previously mentioned, the optimization has been performed based on the minimization of inter-story drift, and the
acceleration criterion has been used to show the implicit effect of single value optimum design of control devices on
other important EDPs. The lowest values of the JT1 are 0.7, 0.94 and 0.68 under far- and near-field records with FD and
FS characteristics, respectively, which shows the best performance under near-field records with FS and far-field
records, and an acceptable performance under near-field records with FD. Table 5 indicates that the TTMDI-9 has a
superior performance with respect to its equivalent counterpart, i.e., TMDI-9, under far-field records, with an average
of 7-9% improvement in story drift response for all inertance ratios. However, for the near field records with FD and
FS, except for p = 1 where there is about 9% reduction in response, the TTMDI-9 and TMDI-9 perform almost similarly,
with the former performing slightly better (maximum average of 3%). Therefore, the TTMDI-9 has been able to show
enhanced efficiency, as well as robustness compared to the TMDI-9. In addition, the proposed damper has a similar per-
formance to that of TMDI-8 for all record types without creating any additional architectural interference.

On the other hand, Table 6 shows that the lowest value of JT2 index are 0.74, 0.75, and 0.67 under far- and near-
field records with FD and FS characteristics, respectively, which similarly shows the best performance under near-field
records with FS records and an acceptable performance under far- and near-field records with FD. Although the optimi-
zation objective function was not related to the minimization of story acceleration, the JT2 value shows a comparable
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TABLE 5 Normalized maximum story drift, JT1

0.05 0.3 1
B
Models TTMDI-9 TMDI-9 TMDI-8 TTMDI9 TMDI9 TMDI-8 TTMDI9 TMDI-9 TMDI-8
Earthquake Number Far-field records
1 0.94 0.98 0.97 0.94 1.00 0.97 0.93 0.99 0.93
2 0.70 0.88 0.84 0.71 0.95 0.84 0.70 0.95 0.82
3 0.95 0.99 0.99 0.95 1.00 0.98 0.93 1.00 0.91
4 0.94 0.97 0.96 0.93 0.97 0.95 0.90 0.97 0.89
5 0.92 0.97 0.97 0.92 0.98 0.97 0.92 0.99 0.94
6 0.81 0.93 0.90 0.81 0.95 0.86 0.85 0.92 0.91
7 1.00 1.00 1.01 1.00 1.00 1.03 1.01 1.01 1.07
Near-field records with forward directivity
8 0.97 0.99 0.99 0.97 1.00 0.99 0.96 1.00 0.98
9 0.95 0.99 0.99 0.95 0.99 1.00 0.96 1.00 0.98
10 0.97 0.99 1.00 0.98 1.00 1.01 1.00 1.01 1.04
11 1.00 1.00 1.00 0.99 1.00 0.99 0.97 1.00 0.95
12 1.00 1.02 1.01 1.00 1.02 0.99 0.95 1.02 0.94
13 0.98 0.97 0.98 0.97 0.97 0.98 0.97 0.97 0.96
14 0.99 1.01 1.01 0.99 1.01 1.00 0.98 1.01 0.98
Near-field records with fling step
15 0.95 0.97 0.96 0.95 0.98 0.95 0.94 0.97 0.94
16 0.95 0.99 0.99 0.95 1.00 0.99 0.95 1.00 0.97
17 0.91 1.00 0.98 0.91 1.01 0.97 0.91 1.00 0.93
18 0.99 1.00 1.00 0.99 1.00 0.97 0.93 1.00 0.86
19 0.90 0.96 0.96 0.90 0.98 0.96 0.90 0.98 0.93
20 0.95 0.99 0.99 0.95 1.00 0.99 0.95 1.00 0.99
21 0.69 0.90 0.85 0.68 0.95 0.83 0.68 0.93 0.73

Note: Bold text shows the best performance.

performance under all record types, especially near-field with FS for high values of inertance (f = 1). Generally, for
JT2, the TTMDI-9 outperformed its counterpart TMDI configurations, i.e., TMDI-9, in all cases. For JT2, the TMDI-8
performed slightly better (approximately 5-6%) when comparing the average of response; however, there is no complete
superiority for any specific configuration, as shown in Table 6.

It should be noted that Tables 5 and 6 provide only a general overview of the performance of the control devices
and important information may be excluded in the process. Therefore, the distribution of the performance indices along
the building height for each earthquake as well as for the average of indices is depicted next. For the sake of brevity,
results for the worst case in the frequency domain, i.e., p = 1, are presented in Figures 10-12 and Figures 13-15 for JT'1
and JT2, respectively. In Figures 10-15, the vertical and the horizontal axes represent the story number and the studied
criteria, i.e., JT1 and JT2. Additionally, the performance of the uncontrolled building along with those of the three dif-
ferent control configurations, i.e., TTMDI-9, TMDI-8, and TMDI-9, are presented for each set of records separately, as
well as for the average of the records in each case with red, blue, black, and green colors, respectively. The mean perfor-
mance of each configuration for each story is also presented and compared in part (e) of the figures. The performance
of each story in all graphs is normalized to the maximum uncontrolled value of the whole height of the building under
each single record. Moreover, the orange dashed vertical line that passes through a value of 1 shows the uncontrolled
performance in each graph.

Figures 10-12 demonstrate and compare the peak story drifts along the height under far- and near-field records with
FD and FS, respectively. Figure 10 shows that in most cases, the control devices have been successful in suppressing the
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TABLE 6 Normalized maximum story acceleration, JT2

0.05 0.3 1
B
Models TTMDI-9 TMDI-9 TMDI-8 TTMDI9 TMDI9 TMDI-8 TTMDI9 TMDI-9 TMDI-8
Earthquake Number Far-field records
1 0.94 0.95 0.93 0.91 0.93 0.84 0.79 0.87 0.66
2 0.97 0.98 0.97 0.96 0.97 0.91 0.85 0.93 0.75
3 0.96 0.96 0.97 0.95 0.95 0.91 0.86 0.93 0.74
4 0.98 0.96 0.97 0.97 0.95 0.98 0.98 0.95 0.98
5 0.94 0.99 0.97 0.93 0.99 0.90 0.87 0.94 0.88
6 1.00 0.99 1.02 1.02 1.01 1.08 1.10 1.04 1.19
7 0.99 0.98 0.98 0.97 0.97 0.91 0.86 0.92 0.80
Near-field with forward directivity records
8 0.98 0.98 0.98 0.97 0.97 0.93 0.88 0.94 0.81
9 0.98 0.98 0.99 0.96 0.96 0.91 0.87 0.90 0.82
10 0.94 0.97 0.96 0.94 0.97 0.92 0.89 0.95 0.81
11 0.99 0.99 0.98 0.98 0.98 0.93 0.90 0.95 0.83
12 0.99 0.97 0.97 0.96 0.94 0.85 0.76 0.87 0.75
13 0.95 0.97 0.95 0.93 0.96 0.90 0.89 0.93 0.84
14 0.94 0.98 0.96 0.93 0.97 0.91 0.88 0.94 0.80
Near-field with fling step records
15 0.83 0.93 0.90 0.83 0.95 0.84 0.72 0.92 0.70
16 0.95 0.98 0.96 0.93 0.98 0.92 0.91 0.96 0.85
17 0.97 0.98 0.98 0.96 0.97 0.93 0.91 0.95 0.88
18 0.99 0.98 0.97 0.97 0.97 0.89 0.84 0.93 0.66
19 0.92 0.96 0.94 0.90 0.96 0.90 0.84 0.93 0.79
20 0.95 0.97 0.97 0.94 0.97 0.92 0.89 0.95 0.79
21 0.78 0.86 0.83 0.76 0.87 0.77 0.73 0.83 0.67

Note: Bold text shows the best performance.

structural drift for far-field records. The only configuration that crossed the uncontrolled threshold by about 8% is
TMDI-8 (Figure 10c). Comparing the mean performance of uncontrolled and controlled buildings shows that the
TTMDI-9 has the best performance among the different control devices over the height of the building and has signifi-
cant advantage over the TMDI-9 and TMDI-8 configurations on lower and upper stories. In addition, it has overcome
the undesirable control performance that the TMDI configurations have on the upper stories, an important issue that
could remain hidden if the maximum responses were only compared. To the contrary, the mean story drift in the
TTMDI-9 configuration never exceeds the mean uncontrolled response, which is a great achievement in terms of
robustness.

In Figures 11 and 12, a similar assessment has been performed for near-field records with FD and FS, respectively,
which shows that the TTMDI-9 has outperformed both TMDI-9 and TMDI-8 configurations under both near-field
records, especially in the two upper stories, where the TMDI configurations show a poor performance with respect to
the uncontrolled state. It is also evident that for both TMDI configurations under near-field records with FD, the
responses may cross the uncontrolled threshold at the base, which is a significant robustness concern and could com-
promise the stability of the building. Comparison of Figures 10e, 11e, and 12e show that the TTMDI-9 has outperformed
the studied TMDI configurations under all three different earthquake groups and the best performance is achieved
under far-field records.

To evaluate the effect of single-objective optimization of the studied configurations and assess its effects on other
substantial EDPs, the maximum absolute story accelerations of the uncontrolled and controlled buildings along the
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FIGURE 11 Maximum normalized story drift under near-field records with FD

height are displayed in Figures 13-15. Figure 13 shows the maximum absolute story accelerations of the uncontrolled
and controlled buildings under far-field records. In general, all three TMDIs and TTMDI configuration have exceeded
the uncontrolled threshold for one single record under far-field excitation, while the story acceleration is always below
the uncontrolled threshold under near-field records with FD and FS, as shown in Figures 14 and 15. The exceedance of
the story drift from the uncontrolled state under far-field records is more profound for TMDI-8 and can reach up to
20%, which implicates robustness concerns. Nevertheless, this is only observed under one single record and cannot be
noticed for other records. In addition, in almost all cases, the TMDI-8 has the best performance in terms of acceleration
response and is closely followed by the TTMDI-9. In other words, a close performance with about under 5% difference
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in results for TMDI-8 and TTMDI-9 is observed. In Figures 13e-15e, it is evident that the difference between the perfor-
mances of all three configurations is concentrated in the upper two stories. Additionally, the maximum acceleration
reductions of all configurations under all record groups are almost the same and closely under 10% and above 20% for
TMDI-9 and TMDI-8, respectively, while about 15% is observed for TTMDI-9. Moreover, comparing the presented
results for drift reduction performance (Figures 9e-11e) with their corresponding result for acceleration reduction
(Figures 13e-15e) ascertains the better performance of all configurations in acceleration reduction.

Past research has shown that near-field records with FS excite the structures mainly in their fundamental mode,
while near-field records with FD typically excite higher modes of vibration.***' Therefore, it is expected that the
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difference between different devices in improving the drift in the time domain exhibits itself better under the records
with FS. This is clearly visible in the response in the time domain in Figures 11 and 12 both in the average of record
responses (part e), as well as under individual records (remaining parts of both figures; pay attention to the scattering
of the responses). Figures 11 and 12 also show that similar to the frequency response domain responses (Figure 9), the
performances of the TMDI-8 and TTMDI-9 are very close. The same could be observed from Table 5, where the lowest
value of JT1 was observed for near-field records with FS characteristics. On the other hand, since near-field records
with FD excite higher modes of vibration, it is expected that the absolute acceleration (which is a higher frequency type
response) is more affected by these records for the high value of inertance ratio (p), as clearly observed in Figures 14

Downloaded for personal academic use. All rights reserved. https://papernode.online/


https://ballisticcomainvitation.com/t2e548yr3v?key=403e8f291d0b160c8210d10a973a50a9

18 of 22 FAHIMI FARZAM HOJAT JALALI
Bof2 | WL EY.

and 15. This also matches the observation in the frequency domain (Figure 9), where the effect of high inertance
exhibits itself in the second mode. Therefore, in the time domain (Figures 14 and 15), the performance of TMDI-8 and
TTMDI-9, and TMDI-9 and uncontrolled structure in terms of absolute story acceleration are expected to be similar.

5 | LIMITATIONS AND FUTURE STUDIES

The focus of the current study is to find a solution to the main problem of rooftop TMDI (i.e., the need of inerter to be
connected to the lower stories) with the least structural and architectural interference. Our study shows that the pro-
posed damper (TTMDI-9) indeed improves the performance of TMDI without the need to increase the distance between
its two terminals. In other words, the TTMDI-9 overcomes the construction limitation of the TMDI-8, while providing
the same level of response mitigation and improving the performance of its direct counterpart, i.e., TMDI-9. It should
be noted that the total mass of the TMDI/TTMDI is another important parameter that affects its performance, and these
conclusions for these specific configurations are valid for the 1% mass ratio. In general, the interactions between the
parameters of the TMDI make it very difficult to predict its performance without analysis.'>***>** The added design
parameters of the TTMDI makes the process even more difficult.

Furthermore, for comparison of the proposed device with TMD, one should recognize that the performance of TMD
is characterized solely by its mass, while in the TMDI, mass ratio, inertance ratio, and the inerter location parameter
(Ag) play a significant role in its performance. While this increase in the number of parameters gives more flexibility to
the design and allows for an improved response in certain range of A@ and p, at the same time, it complicates the pro-
cess of optimization due to both direct and interactive effects of design parameters on the damper performance. In addi-
tion, the relationship between TMDI performance and its three design parameters is nonlinear. Therefore, any
comparison of the performance of these control devices with TMD should be done in a comprehensive parametric study
that includes a suitable and continuous range of parameters. In TTMDI, the number of controllable inertial parameters
is even more, making the complexity and interaction effects more difficult compared to the TMDI. Therefore, compari-
son of the performance of TTMDI and TMD should be done in an in independent comprehensive parametric study and
is excluded herein.

6 | SUMMARY AND CONCLUSION

In this study, a tandem tuned mass damper inerter (TTMDI) is proposed, in which the mass of a conventional tuned
mass damper inerter (TMDI) is divided into two variable masses that are connected to each other using a spring and
dashpot, and one of the masses is connected to an inerter device. The purpose of dividing the total mass of a rooftop
TMDI is virtually increasing the distance between the two terminals of the inerter by allocating part of the mass to cre-
ate a controllable dummy floor, which would result in a local change in the modal shape values, A (inerter location
parameter), without interfering with architectural features in the lower stories. The proposed TTMDI is employed for
the structural control of a benchmark 10-story linear shear building with 2% inherent damping ratio, and its efficiency
and robustness are evaluated in both frequency and time domains. Results are presented for a preselected total mass
ratio of 0.01 and three preselected inertance ratios of 0.05, 0.3 and 1. For the time-domain analysis, three sets of far-field
and near-field records with forward directivity (FD) and fling step (FS) are considered, in which each set consisted of
seven time history accelerations. The free parameters of the TTMDI (frequency and damping ratio of the two masses
and their connecting spring and dashpot as well as their mass ratio) are optimized using particle swarm optimization
algorithm (PSO) by minimizing the largest singular value of story drift transfer function. Results are also computed for
two comparable rooftop TMDISs, i.e., TMDI-9 and TMDI-8 for comparison purposes, in which the second terminal of
the inerter is connected to the 9th and 8th stories, respectively.

The frequency domain analyses show that the TTMDI-9 performs better than both TMDI-8 and TMDI-9, success-
fully reducing the response by an average of 30% and 47%, respectively. In other words, the TTMDI-9 has even out-
performed the TMDI-8 significantly, without creating architectural problems form a practical point of view.
Comparison of the performance of TMDI-8, TMDI-9, and TTMDI-9 reveals the paradoxical effect of inertance in MDOF
structures due to the interaction effects between the total mass ratio, relative mass ratio, inertance ratio, and inerter
location parameter. In addition, the optimization algorithm resulted in a counterintuitive “biased” mass distribution,
where the majority of the total mass was allocated to the controllable dummy floor and an extremely small portion was
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assigned to the mass that was connected to the inerter. Results showed that a larger mass for the controllable dummy
floor that increases the local changes in the mode shape, combined with a smaller mass for the TMDI, warrants a better
performance of the proposed device compared to the TMDI-8 and TMDI-9 dampers.

For the time domain, story drift and absolute story acceleration are selected as performance criteria, since they are
closely related to both failures in structural and non-structural components. Results have been both presented as tabu-
lated normalized maximum responses, as well as the normalized story drift and absolute acceleration distribution along
the building height for the individual earthquakes and the corresponding average to each earthquake sets. Considering
the maximum normalized story drift, the TTMDI-9 has shown 7-9% improvement for all inertance ratios with respect
to its equivalent counterpart, i.e., TMDI-9, under far-field records, while for near-field record records, except for p = 1
where there is about 9% reduction in story drift, the TTMDI-9 and TMDI-9 perform almost similarly, with the former
performing slightly better (maximum average of 3%). In addition, the proposed damper has a similar performance to
that of TMDI-8 for all record types without creating any additional architectural interference. Comparing the average of
story drifts along the height shows that the TTMDI-9 has the best performance among the different control devices and
has significant advantage over the TMDI-9 and TMDI-8 configurations on lower and upper stories. In addition, it has
overcome the undesirable control performance of the TMDI configurations have on the upper stories, an important
issue that could remain hidden if the maximum responses were only compared.

The time-domain analyses for near-field records shows that for both TMDI configurations, the responses could cross
the uncontrolled threshold at the base, which is a significant robustness concern and could compromise the stability of
the building, while the TTMDI-9 configuration did not exhibit such results. Comparing the average of absolute accelera-
tion along the heights reveals that generally the TTMDI-9 and TMDI-8 have almost similar performance, with the
TMDI-8 showing about 5% better performance in acceleration reduction only in the two upper stories. However, for
one of the far-field records, the TMDI-8 showed about 20% exceedance of the uncontrolled response threshold, which
can be considered as a robustness concern. Therefore, although all configurations have successfully reduced the struc-
tural responses, the TTMDI-9 configuration has demonstrated the best and most reliable performance and does not
create additional architectural interference problems like the TMDI-8 configuration. Additionally, due to many
different load paths in this configuration compared to the TMDISs, it could be much reliable under any abruption of con-
necting stiffness or dampers, and splitting the mass could also be helpful from a practical construction point of view.
Nevertheless, ensuring the last two advantages needs further studies.
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APPENDIX A

The mass, stiffness, and damping matrices along with other relevant information for the TMDI and shown in
Equations (A1)-(A5). The inerter contribution is added to the mass matrix, where the elements corresponding to the
two end terminals of the inerter are modified by adding b and two off diagonal term equal to —b at their intersections.

my
my
M= myp+b - -b , (A1)
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h= [ml,mz,...,mn,l,mn,md]T. (A5)

The mass, stiffness, and damping matrices along with other relevant information for the TTMDI and are shown in
Equations (A6)-(A10).

Mip+b - —b
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—k> ka+ks —ks3

K= : , (A7)
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